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1. Introduction
Kisin introduced a new technique on automorphy (modularity) lifting theorems. The 
technique is to study local deformation rings by using a moduli of semi-linear algebraic 
objects (S-modules, and Wach modules) in the integral p-adic Hodge theory, and to 
show Rred = T by using the properties of local deformation rings. In the GL2 case, this 
method had an important application to Serre’s conjecture.
On the other hand, Clozel, Harris and Taylor proved some automorphy lifting theo-
rems for unitary groups in [CHT]. Their method has been improved in [G,T,BLGHT]
(in [T], Taylor used Kisin’s technique so-called in “ = p” case) and has produced an 
important application to Sato–Tate conjecture [HSBT,BLGHT]. However, the automor-
phy lifting theorem has not been established in the best possible form, in the sense that 
they require certain local conditions of the involved Galois representations. A main dif-
ﬁculty in removing such local conditions lies in the study of local deformation rings in 
the case where the coeﬃcient ﬁeld has the same characteristic p as the residue ﬁeld of 
the considered local ﬁeld (so-called in “ = p” case).
Currently, one of the strongest available statements is given in [BLGGT], where an 
automorphy lifting theorem has been established under some mild condition in the case 
where the Galois representation, restricted to the decomposition group at each prime 
dividing p, is “potentially diagonalizable” in the sense of [BLGGT]. However, the notion 
of potential diagonalizability is deﬁned in terms of a universal deformation ring whose 
structure has not yet been well-understood. Owing to this, potential diagonalizability is 
in some sense like a tautological synonym for the local condition with which we can man-
age to show an automorphy of a global Galois representation by the currently available 
methods, and it seems that we do not have a description of the potentially diagonalizable 
representations which is concrete enough for applications.
In this paper we construct, for any integer n ≥ 2 and for any ﬁnite unramiﬁed exten-
sion K of Qp, an explicitly described subclass of potentially diagonalizable n-dimensional 
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introduce in Deﬁnition 2.7) of the absolute Galois group GK of K, by using the method 
of Berger, Li and Zhu [BLZ], and Kisin [K1,K2] (see Proposition 5.2). More precisely,
• First, we construct an explicit analytic family of Wach modules by the method of 
Berger, Li and Zhu (see Proposition 3.12 and Corollary 3.13).
• Next, we show a property on the connected components of local deformation rings 
by a method similar to that of Kisin (see Proposition 4.2).
The above extra parameters deﬁne a p-adic representation of GK which is a direct sum 
of representations induced from characters of open subgroups of GK corresponding to 
ﬁnite unramiﬁed extensions of K. The subclass consists of the representations which are 
p-adically “near” this direct sum. We call the members of the subclass the absolutely 
nearly semi-induced representations. From our construction, combined with the result 
in [BLGGT], we deduce an automorphy lifting and a potentially automorphy result for 
an essentially conjugate self-dual p-adic representation r of the absolute Galois group 
of a CM ﬁeld F , such that F is unramiﬁed at p and for each prime v of F dividing p, 
the restriction of r to the decomposition group at v is absolutely nearly semi-induced 
or a successive extension of one-dimensional representations (under some other mild 
conditions for r). See Corollary 5.3 and Corollary 5.4 for the precise statements. We 
emphasize the following two things:
• The notion of the potentially diagonalizability in [BLGGT] means the representations 
which are geometrically near to the induced representations. On the other hand, 
the notion of absolutely nearly semi-induced representations in this paper means 
the representations which are p-adically near to (the direct sums of) the induced 
representations.
• Our results are quantitative. We gave a p-adic estimate in which the automorphic 
lifting machinery works (see also Deﬁnition 3.11).
The extra parameter r stands for the Hodge–Tate weights and we can construct the sub-
class of representations starting from any ﬁxed Hodge–Tate weights (however, when we 
apply [BLGGT] after that, we have to assume that it has distinct Hodge–Tate weights). 
However our results still remain partial and unfortunately they are not suﬃcient to cover 
all the n-dimensional crystalline representations of GK with ﬁxed Hodge–Tate weights, 
except for the case where the Hodge–Tate weights are in an interval of length p − 1, 
and for some very limited case where n = 2 and the diﬀerence of any two Hodge–Tate 
weights is in {−p, 0, p}. It seems diﬃcult3 to extend our method, even when n = 2 and 
the extra parameter w is not the identity, to cover the case where one of the eigenvalues 
3 After a submission of this paper, we found a way of extending our method by using the hypergeometric 
polynomials when n = 2 and K = Qp [YY]. We expect a possibility that this new technique is generalized to 
the case where n ≥ 2 and K is an unramiﬁed extension of Qp.
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has been obtained in [K2] when K = Qp and n = 2, based on the computation by Berger 
and Breuil of the reductions of some crystalline representations using the compatibil-
ity of the mod p and the p-adic local Langlands correspondences for GL2(Qp) (see also 
Remark 3.14).
After a submission of our paper, a referee kindly informed us of the references [D,Z,
B3,GL] whose subjects are related to that in our paper. All of these papers are concerned 
with the computation of the reduction of a crystalline representation V of GK with K/Qp
unramiﬁed. We brieﬂy explain their relations to our paper. The main results of [D] and 
the calculations of the reductions in [D] are exclusively for the case where V is two dimen-
sional. However some two dimensional cases not covered in our paper are treated there. 
Moreover in Section 4 of [D], Dousmanis gives a criterion for a pair (P, G) of matrices 
to be an approximation of the pair of the matrices of ϕ and γ on some family of Wach 
modules. The approximation treats not only the case of the direct sum of the induced 
representations like us, but also the case of more general ones. However he does not ex-
plicitly construct the family of Wach modules when the rank is greater than two. In this 
sense, our paper is a generalization of [D]. In [Z] and [B3] they proved, among some other 
results, that any crystalline representation V ′ in an explicitly given p-adic neighbourhood 
of V has the same reduction as V . However they do not give an explicit computation 
of the reduction. (They also treat other topics. However, they have little relation to our 
paper.) In [GL], they treat only the case where the length of the Hodge ﬁltration is less 
than or equal to p − 1. In this sense, our paper is a generalization of [GL] as well.
Let us give a brief summary of the structure of the paper. In Section 2, we construct a 
certain family of Galois representations by using the theory of Wach modules developed 
in [B1]. Our family is a generalization of the family constructed in [BLZ]. In Section 3, 
we introduce the notion of nearly semi-induced representations. In Section 4, we recall 
the deformation rings introduced by Kisin [K2,K3] and check that the family of nearly 
semi-induced representations are contained in one connected component of the local 
deformation space. In Section 5, we describe some applications to automorphy lifting 
and potential automorphy.
2. A family of Wach modules
Let n ≥ 1 be a positive integer. In this section, we construct an analytic family 
of n-dimensional crystalline representations by using the theory of Wach modules, and 
calculate its mod p reduction. This is a generalization of the work by Berger, Li and Zhu 
[BLZ].
2.1. Notation
In this section, we ﬁx a rational prime p. Let K be a ﬁnite unramiﬁed extension 
of Qp. Let val : K → Z ∪ {∞} denote the normalized valuation on K, and let W ⊂ K
G. Yamashita, S. Yasuda / Journal of Number Theory 147 (2015) 721–748 725be the valuation ring of K with respect to the valuation val. Let σ denote the Frobenius 
on W , that is, the unique automorphism of the Zp-algebra W which induces the p-power 
Frobenius automorphism on W/pW . Since K = W [1/p], the automorphism σ on W is 
uniquely extended to the automorphism of K, which we denote by the same symbol σ by 
abuse of notation. Fix an algebraic closure K of K and put GK := Gal(K/K). We put 
ΓK := Gal(K(μp∞)/K) and let χ : ΓK
∼→ Zp× denote the p-adic cyclotomic character.
Let us consider the ring K[[π]] of formal power series with coeﬃcients in K with 
respect to the formal variable π. Let ϕ : K[[π]] → K[[π]] denote the σ-semi-linear, 
π-adically continuous endomorphism of the K-algebra K[[π]] which sends π to (1 +π)p−1. 
For γ ∈ ΓK , let γ : K[[π]] → K[[π]] denote the K-linear, π-adically continuous endomor-
phism of the K-algebra K[[π]] which sends π to
(1 + π)χ(γ) − 1 =
∞∑
n=1
∏n−1
i=0 (χ(γ) − i) · πn
n! .
This gives an action of the group ΓK on the K-algebra K[[π]].
2.2. Review of the theory of Wach modules and Wach lattices
Let A+K := W [[π]] ⊂ K[[π]] denote the subring of formal power series with coeﬃcients 
in W and put B+K := A
+
K [1/p]. The rings A
+
K and B
+
K are subrings of K[[π]] which are 
stable under the actions of ϕ and Γ . We recall the deﬁnition of Wach modules and Wach 
lattices over A+K and over B
+
K (cf. [B1,BLZ]).
Let
AK := W [[π]][1/π]∧ =
{ +∞∑
i=−∞
aiπ
i
∣∣∣ ai ∈ W, val(ai) → ∞ as i → −∞
}
denote the p-adic completion of the ring A+K [1/π]. The ring AK is a discrete valuation 
ring and p is a uniformizer of AK . Let BK := AK [1/p] be the ﬁeld of fractions of AK . 
The endomorphism ϕ of A+K has a unique extension to a σ-semilinear endomorphism 
of AK , which we also denote by ϕ, such that the latter ϕ is continuous with respect to 
the p-adic topology. The action of the group ΓK on A+K has a unique extension to the 
action of ΓK on AK such that for each γ ∈ ΓK , the automorphism γ : AK → AK of 
AK given by the action of γ is continuous with respect to the p-adic topology.
Let R be a ﬁnite Zp-algebra. We extend the endomorphism ϕ and the action of ΓK to 
(AK)R := R⊗Zp AK by R-linearity. A (ϕ, ΓK)-module over (AK)R is a pair D = (D, ϕD)
of a ﬁnitely generated free (AK)R-module D and a ϕ-semi-linear endomorphism ϕD of D, 
equipped with a continuous (with respect to the p-adic topology) semi-linear action of 
the group ΓK such that for each γ ∈ ΓK the semi-linear automorphism of D given by 
the action of γ commutes with the endomorphism ϕD. We say that a (ϕ, ΓK)-module D
over (AK)R is étale if the subset ϕD(D) ⊂ D generates D over (AK)R.
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the endomorphism ϕ and the action of ΓK to (BK)E := E ⊗Zp AK by E-linearity. 
A (ϕ, ΓK)-module over (BK)E is a pair D = (D, ϕD) of a ﬁnitely generated free 
(BK)E-module D and a ϕ-semi-linear endomorphism ϕD of D, equipped with a con-
tinuous (with respect to the p-adic topology) semi-linear action of the group ΓK such 
that for each γ ∈ ΓK the semi-linear automorphism of D given by the action of γ com-
mutes with the endomorphism ϕD. We say that a (ϕ, ΓK)-module D over (BK)E is étale
if there exists an (AK)OE -lattice D0 ⊂ D stable under the actions of ϕ and ΓK such 
that D0 is an étale (ϕ, ΓK)-module over (AK)OE .
For a ﬁnite Zp-algebra R (resp. a ﬁnite extension R of Qp), a free R-representation of 
GK is a ﬁnitely generated free R-module T equipped with a continuous, R-linear action 
ρ : GK → EndR(T ) where we endow EndR(T ) with the p-adic topology. In [F], Fontaine 
constructs a functor D from the category of free Zp-representations of GK to the category 
of étale (ϕ, ΓK)-modules over AK , and shows that the functor D gives an equivalence of 
the categories. By extending this functor by R-linearity, we have a functor, also denoted 
by D, which gives an equivalence between the category of free R-representations of GK
to the category of étale (ϕ, ΓK)-modules over (AK)R (resp. (BK)R).
From now on we ﬁx a ﬁnite extension E of Qp and let OE denote its ring of integers. 
Let mE denote the maximal ideal of OE , and let F be the residue ﬁeld OE/mE . Below we 
use the subscripts (−)E and (−)OE which respectively mean the operations E⊗Qp(−) and 
OE ⊗Zp (−). Since W is unramiﬁed over Zp, the OE-algebra WOE = OE ⊗Zp W is equal to 
the direct product WOE =
∏
ξ∈Ξ Wξ, where for each ξ ∈ Ξ, the OE-algebra Wξ is the ring 
of integers of a ﬁnite unramiﬁed extension of E, and the index set Ξ = ΞE is a ﬁnite set 
whose cardinality c is equal to the greatest common divisor of [F : Fp] and [K : Qp]. The 
Frobenius automorphism σ = idOE ⊗σ of WOE induces a cyclic permutation σΞ : Ξ → Ξ
of order c, and a σ-linear isomorphism Wξ
∼=−−→ WσΞ(ξ) of WOE -algebras for each ξ ∈ Ξ. 
For a WOE -algebra R and for ξ ∈ Ξ, we put Rξ = Wξ⊗WOE R so that R =
∏
ξ∈Ξ Rξ. The 
endomorphism ϕ on (A+K)OE induces an isomorphism ϕ : (A
+
K)OE ,ξ
∼=−−→ (A+K)OE ,σΞ(ξ)
for each ξ ∈ Ξ.
In [B1] (see also [BLZ]), Berger gives a criterion for a free E-representation of GK
to be crystalline which is described purely in terms of its associated (ϕ, ΓK)-module. 
Let us recall the statement of the criterion. We put q := ϕ(π)/π =
∑p
i=1
(
p
i
)
πi−1 which 
we regard an element in (B+K)E = (A
+
K [1/p])E . For an invertible element x = (xξ)ξ∈Ξ
in (BK)E =
∏
ξ∈Ξ(BK)E,ξ and for a tuple a = (aξ) of integers indexed by ξ ∈ Ξ, 
we let xa denote the element (xaξξ )ξ∈Ξ in (BK)E . Let V be a free E-representation 
of GK of dimension d := dimE V and let a = (aξ)ξ∈Ξ and b = (bξ)ξ∈Ξ be two tu-
ples of integers indexed by ξ ∈ Ξ such that aξ ≤ bξ holds for every ξ ∈ Ξ. Then 
a free E-representation V of GK is crystalline with Hodge–Tate weights in the tu-
ple [a, b] := ([aξ, bξ])ξ∈Ξ of intervals if and only if the associated (ϕ, ΓK)-module 
(D(V ), ϕD(V )) over (BK)E has a (B+K)E-submodule N(V ) ⊂ D(V ) satisfying the fol-
lowing conditions:
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(2) The action of ΓK on D(V ) preserves N(V ).
(3) The action of ΓK on N(V ) induces a trivial action on N(V )/πN(V ).
(4) We have ϕD(V )(πbN(V )) ⊂ πbN(V ) and the quotient πbN(V )/ϕ∗D(V )(πbN(V )) is 
killed by qb−a. Here ϕ∗D(V )(πbN(V )) denotes the (B
+
K)E-submodule of πbN(V ) gen-
erated by the subset ϕD(V )(πbN(V )) ⊂ πbN(V ).
Moreover, if V is a free E-representation of GK which is crystalline with Hodge–Tate 
weights in [a, b], then a (B+K)E-submodule N(V ) ⊂ D(V ) satisfying the above conditions 
is unique and the condition (4) holds even when we replace a, b with any tuples of integers 
a′ = (a′ξ), b′ = (b′ξ) with a′ξ ≤ b′ξ for every ξ ∈ Ξ such that the Hodge–Tate weights of 
V are in the tuple [a′, b′] of intervals. Hence for a crystalline free E-representation V of 
GK , the notation N(V ) makes sense even if we do not specify a range of its Hodge–Tate 
weights.
When V is crystalline, Berger [B1] also gives an isomorphism N(V )/πN(V ) ∼=−−→
Dcrys(V )E of ﬁltered ϕ-modules with coeﬃcient in E. Here we endow N(V )/πN(V )
with the structure of a ﬁltered ϕ-module in the following way. The endomorphism ϕ of 
N(V )/πN(V ) is the one induced from the endomorphism (q/p)bϕ of N(V ) for a suﬃ-
ciently large integer b. We ﬁlter N(V ) by putting FiliN(V ) := {x ∈ N(V ) | ϕD(V )(x) ∈
qiN(V )} for i ∈ Z, and endow the E-vector space N(V )/πN(V ) with the ﬁltration 
induced by the ﬁltration (FiliN(V ))i∈Z on N(V ).
A Wach module over (B+K)E with Hodge–Tate weights in [a, b] is a free (B
+
K)E-module 
N of ﬁnite rank equipped with a semi-linear action ΓK → AutE(N) of ΓK which is 
continuous with respect to the p-adic topology of AutE(N) and with a ϕ-semi-linear ho-
momorphism ϕN : (B+K)E [1/π] ⊗(B+K)E N → (B
+
K)E [1/ϕ(π)] ⊗(B+K)E N which commutes 
with the action of ΓK such that the following conditions hold:
(1) The action of ΓK on N induces a trivial action on N/πN .
(2) We have ϕN (πbN) ⊂ πbN and the quotient πbN/ϕ∗N (πbN) is killed by qb−a. Here 
ϕ∗N (πbN) denotes the (B+K)E-submodule of πbN generated by the subset ϕN (πbN) ⊂
πbN .
If (N, ϕN ) is a Wach module over (B+K)E with Hodge–Tate weights in [a, b], then the 
action of ΓK on N (resp. the homomorphism ϕN ) induces a semi-linear action of ΓK
on the (BK)E-module D(N) = (BK)E ⊗(B+K)E N (resp. a ϕ-semi-linear endomorphism 
ϕD(N) of D(N)), and the (BK)E-modules together with the endomorphism ϕD(N) and 
the action of ΓK form an étale (ϕ, ΓK)-module over (BK)E .
Let V be a crystalline free E-representation of GK with Hodge–Tate weights in a 
tuple [a, b] of intervals. If T is a GK-stable OE-lattice in V , then N(T ) := D(T ) ∩
N(V ) is an (A+K)OE -lattice in N(V ). The map T → N(T ) gives a bijection between 
the GK-stable OE-lattices in V and the (A+K)OE -submodules N of N(V ) satisfying the 
following conditions:
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(2) The action of ΓK on N(V ) preserves N .
(3) We have ϕD(V )(πbN) ⊂ πbN and the quotient πbN/ϕ∗D(V )(πbN) is killed by qb−a. 
Here ϕ∗D(V )(πbN) denotes the (B
+
K)E-submodule of πbN generated by the subset 
ϕD(V )(πbN) ⊂ πbN .
We call an (A+K)OE -submodule N of N(V ) satisfying the above conditions a Wach lattice
in N(V ).
2.3. Some elementary properties of A+Qp
In this subsection, we assume that K = Qp. For later use we state the following two 
statements as lemmas. Proofs of the statements are easy and are left to the reader.
Lemma 2.1. For any γ ∈ ΓQp , the element γ(π)/π is invertible in A+Qp . 
Lemma 2.2. The sequence {ϕi(1 + π)}i≥0 converges to 1 in A+Qp with respect to the 
(p, π)-adic topology on A+Qp . 
Lemma 2.3. The sequence {ϕi(q)}i≥0 converges to p in A+Qp with respect to the (p, π)-adic 
topology.
Proof. Since ϕi(q) =
∑p−1
j=0 ϕ
i((1 + π)j), the claim follows from Lemma 2.2. 
We deﬁne a subring RQp of Qp[[π]] as follows:
RQp :=
{∑
i≥0
ciπ
i ∈ Qp[[π]]
∣∣∣ val(ci) + i
p − 1 ≥ 0 for all i ≥ 0
}
The subring RQp is stable under ϕ and the action of ΓK . We endow the ring RQp with 
the linear topology such that the set
{
piRQp +
(
RQp ∩ πjQp[[π]]
) ∣∣ i, j ∈ Z≥0}
of ideals in RQp forms a fundamental system of neighbourhoods of 0. We easily see 
that the ring RQp is complete with respect to this topology and that the element q/p is 
invertible in RQp .
Lemma 2.3 has the following corollary:
Corollary 2.4. The sequence of invertible elements {ϕi(q)/p}i≥0 converges to 1 in RQp .
The following lemma can be veriﬁed by direct calculation:
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(1) The ring A+Qp is a closed subring in RQp .
(2) The topology on A+Qp induced from that on RQp by the inclusion A
+
Qp
⊂ RQp coincides 
the (p, π)-adic topology on A+Qp .
By combining Corollary 2.4 with Lemma 2.1, we get the following:
Corollary 2.6. For any γ ∈ ΓQp , the sequence {ϕi(q/γ(q))}i≥0 converges to 1 in A+Qp
with respect to the (p, π)-adic topology.
For a map f : Z≥0 → Z, we deﬁne an element λ(f) ∈ RQp to be the inﬁnite product
λ(f) :=
∏
i≥0
(
ϕi(q)/p
)f(i)
.
It follows from Corollary 2.4 that this inﬁnite product converges in RQp .
It is straightforward to check the element λ(f) ∈ RQp has the following properties:
• We have λ(f) ∈ R×Qp .
• For two maps f1, f2 : Z≥0 → Z, we have λ(f1 + f2) = λ(f1)λ(f2).
• For a map f : Z≥0 → Z, let Sf : Z≥0 → Z denote the map
Sf(i) :=
{ 0 if i = 0,
f(i − 1) if i ≥ 1.
Then we have ϕ(λ(f)) = λ(Sf).
2.4. The matrix P ((Xi,j,θ)i,j∈[1,n],θ∈Θ)
Let us return to the case for a general ﬁnite unramiﬁed extension K of Qp. Fix an 
integer n ≥ 1 and put [1, n] := {1, . . . , n}. For a ring A, let Mn(A) denote the ring of 
n-by-n matrices with entries in A. Let E be a ﬁnite extension of Qp and let OE denote 
its ring of integers. We ﬁx ξ0 ∈ Ξ and put ξh = σhΞ(ξ0) for h = 1, . . . , c − 1. We ﬁx an 
OE-basis (eθ)θ∈Θ of Wξ0 , where the index set Θ is a ﬁnite set of cardinality [K : Qp]/c. 
Let σ(c) = (σcθ,θ′)θ,θ′∈Θ denote the matrix of the OE-linear automorphism σc of Wξ0
with respect to the basis (eθ)θ∈Θ.
We let (
A+K
)
OE
[[X]] :=
(
A+K
)
OE
[[
Xi,j,θ(1 ≤ i, j ≤ n, θ ∈ Θ)
]]
denote the ring of formal power series with n2 · [K : Qp]/c variables over (A+K)OE . 
For ξ ∈ Ξ, we put (A+K)OE ,ξ[[X]] = (A+K)OE ,ξ[[Xi,j,θ(1 ≤ i, j ≤ n, θ ∈ Θ)]] so that 
(A+K)OE [[X]] =
∏
ξ∈Ξ(A
+
K)OE ,ξ[[X]].
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in the n-th symmetric group Aut([1, n]), a tuple r = (ri,ξ)(i,ξ)∈[1,n]×Ξ of integers ri,ξ ∈ Z
indexed by the pairs (i, ξ) ∈ [1, n] × Ξ, and a tuple α = (αi,ξ)(i,ξ)∈[1,n]×Ξ of elements 
αi,ξ ∈ W×ξ indexed by the pairs (i, ξ) ∈ [1, n] × Ξ. We call an element in DataK,E,n a 
basic datum of degree n. We say that a basic datum (w, (ri,ξ), (αi,ξ)) is eﬀective if ri,ξ
is non-negative for every (i, ξ) ∈ [1, n] × Ξ. We say that a basic datum (w, (ri,ξ), (αi,ξ))
has distinct Hodge–Tate weights if the integers r1,ξ, . . . , rn,ξ are distinct for every ξ ∈ Ξ.
Fix an eﬀective basic datum (w, r, α) = (w, (ri,ξ), (αi,ξ)) ∈ DataK,E,n of degree n. 
The goal of this subsection is to introduce a matrix P (X) ∈ Mn((A+K)OE [[X]]), which 
depends on the basic data (w, r, α).
We put rξ,min = mini∈[1,n] ri,ξ and rξ,max = maxi∈[1,n] ri,ξ. Let w˜ denote the auto-
morphism of the set [1, n] × Ξ which sends (i, ξ) ∈ [1, n] × Ξ to (i, σ−1Ξ (ξ)) if ξ = ξ0 and 
which sends (i, ξ0) to (w(i), σ−1Ξ (ξ0)). Let us consider the following three conditions on 
the data w and (ri,ξ, αi,ξ)(i,ξ)∈[1,n]×Ξ :
• There exists a pair (i, ξ) ∈ [1, n] × Ξ such that rw˜k(i,ξ) = rσ−kΞ (ξ),max holds for any 
k ≥ 0.
• There exists a pair (i, ξ) ∈ [1, n] × Ξ such that rw˜k(i,ξ) = rσ−kΞ (ξ),min holds for any 
k ≥ 0.
• rξ,max − rξ,min is independent of ξ ∈ Ξ.
We deﬁne δ to be δ := 1 if all of the conditions hold, and δ := 0 otherwise. For 
example, if w˜ has no ﬁxed points and if the integers (ri,ξ)(i,ξ)∈[1,n]×Ξ are diﬀerent with 
each others, then neither of conditions holds and hence δ = 0 in this case. We put
r := δ + max
ξ∈Ξ
(rξ,max − rξ,min). (2.1)
We need some more notation before introducing the matrix P (X). For ξ ∈ Ξ and for 
fξ ∈ (A+K)OE ,ξ[[X]], let ϕ′(fξ) ∈ (A+K)OE ,σΞ(ξ)[[X]] denote the formal power series 
obtained by applying ϕ on each coeﬃcient of fξ. For f = (fξ)ξ∈Ξ ∈ (A+K)OE [[X]], 
let ϕ(f) denote the element in (A+K)OE [[X]] whose component at ξ ∈ Ξ is equal to 
ϕ′(fσ−1Ξ (ξ)) for ξ = ξ0 and whose component at ξ0 is equal to
ϕ′(fσ−1Ξ (ξ0))
((∑
θ′∈Θ
σ
(c)
θ,θ′Xi,j,θ′
)
i,j,θ
)
∈ (A+K)OE ,ξ0 [[X]].
For f ∈ (A+K)OE ,ξ[[X]] and for γ ∈ ΓK , let γ(f) denote the formal power series ob-
tained by applying γ on each coeﬃcient of f . For a matrix M in Mn(K[[π]]) or in 
Mn((A+K)OE [[X]]), let ϕ(M) (resp. γ(M)) denote the matrix obtained by applying ϕ
(resp. γ) on the entries of M .
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sponding to w−1, that is, C is the n-by-n matrix whose (i, j)-entry is δw(i),j where δ∗,∗
is the Kronecker’s delta.
For each (i, ξ) ∈ [1, n] × Ξ, let fi,ξ : Z≥0 → Z≥0 denote the map which sends j ∈ Z≥0
to
fi,ξ(j) := rw˜j(i,ξ).
For i, j ∈ [1, n] and for ξ ∈ Ξ, we write
λ(fi,ξ)/λ(fj,ξ) =
∑
k≥0
z
′ (k)
i,j,ξπ
k.
Let m denote the smallest non-negative integer such that pmz′ (k)i,j,ξ ∈ Zp for every i, j ∈
[1, n], for every ξ ∈ Ξ, and for every 0 ≤ k ≤ r−1. Since λ(fi,ξ)/λ(fj,ξ) ∈ RQp , it follows 
from the deﬁnition of RQp that m ≤ (r − 1)/(p − 1).
Example 1. One of the simplest cases where we cannot apply Fontaine–Laﬀaille theory is 
r = p. In this case, if ri,ξ = 0 or p for any i ∈ [1, n], ξ ∈ Ξ, then we have m = 0. However, 
unfortunately for n ≥ 3, this condition (ri,ξ = 0, or p for any i ∈ [1, n], ξ ∈ Ξ) cannot 
hold with distinct Hodge–Tate weights. So, if r = p with distinct Hodge–Tate weights, 
and n ≥ 3, then we have m = 1. For n = 2, it can hold with distinct Hodge–Tate weights 
and we have m = 0 (see [BLZ, Remark 4.1.2, 1]).
We write z(k)i,j,ξ = pmz
′ (k)
i,j,ξ and put
zi,j,ξ :=
r−1∑
k=0
z
(k)
i,j,ξπ
k,
which is, by the deﬁnition of m, an element in A+Qp .
For ξ ∈ Ξ, let Zξ denote the matrix in Mn(Wξ[[π]][[X]]) whose (i, j)-entry is zi,j,ξ ·∑
θ∈Θ Xi,j,θ. For ξ ∈ Ξ, deﬁne a matrix Pξ(X) ∈ Mn(Wξ[[π]][[X]]) to be
Pξ(X) :=
{
(1n + Zξ0) · diag(α1,ξ0qr1,ξ0 , . . . , αn,ξ0qrn,ξ0 ) · C, if ξ = ξ0,
(1n + Zξ) · diag(α1,ξqr1,ξ , . . . , αn,ξqrn,ξ), if ξ = ξ0
and put P (X) := (Pξ(X))ξ∈Ξ ∈ Mn((A+K)OE [[X]]). Here diag(α1,ξqr1,ξ , . . . , αn,ξqrn,ξ)
denotes the diagonal matrix whose diagonal entries are α1,ξqr1,ξ , . . . , αn,ξqrn,ξ .
2.5. The matrix G(r)γ
For ξ ∈ Ξ, we let Gξ ∈ Mn(RQp) denote the matrix
Gξ := diag
(
λ(f1,ξ), . . . , λ(fn,ξ)
)
.
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(as a matrix with entries in RQp).
Lemma 2.8. We have
Gξ = diag
(
(q/p)r1,ξ , . . . , (q/p)rn,ξ
) · ϕ(Gσ−1Ξ (ξ))
for ξ = ξ0 and
Gξ0 = diag
(
(q/p)r1,ξ0 , . . . , (q/p)rn,ξ0
)
Cϕ(Gσ−1Ξ (ξ0))C
−1.
Proof. Let i ∈ [1, n]. We have fw˜(i,ξ)(j − 1) = fi,ξ(j) for j ≥ 1. Hence the equality
λ(fi,ξ) = (q/p)ri,ξϕ
(
λ(fw˜(i,ξ))
)
holds from which the claim immediately follows for ξ = ξ0. The claim for ξ = ξ0 follows 
from the equality
Cϕ(Gσ−1Ξ (ξ0))C
−1 = diag
(
ϕ
(
λ(fw(1),σ−1Ξ (ξ0))
)
, . . . , ϕ
(
λ(fw(n),σ−1Ξ (ξ0))
))
. 
For ξ ∈ Ξ and for γ ∈ ΓK , we let G(r)γ,ξ denote the n-by-n matrix
Gξγ(Gξ)−1 = diag
(
λ(f1,ξ)/γ
(
λ(f1,ξ)
)
, . . . , λ(fn,ξ)/γ
(
λ(fn,ξ)
))
.
It follows from Corollary 2.6 that the matrix G(r)γ,ξ is an invertible matrix with entries 
in A+Qp . We put G
(r)
γ = (G(r)γ,ξ)ξ∈Ξ which we regard an element in Mn((A
+
K)OE ) =∏
ξ∈Ξ Mn((A
+
K)OE ,ξ).
Lemma 2.9. We have
P (0)ϕ
(
G(r)γ
)
= G(r)γ γ
(
P (0)
)
.
Proof. For a matrix M ∈ Mn((A+K)OE ) =
∏
ξ∈Ξ Mn((A
+
K)OE ,ξ) and for ξ ∈ Ξ, let Mξ
denote the component of M at ξ. By Lemma 2.8, we have the equalities
G
(r)
γ,ξ = diag
((
q/γ(q)
)r1,ξ , . . . , (q/γ(q))rn,ξ) · ϕ(G(r)γ )ξ
for ξ = ξ0 and
G
(r)
γ,ξ0
= diag
((
q/γ(q)
)r1,ξ0 , . . . , (q/γ(q))rn,ξ0 ) · Cϕ(G(r)γ )ξ0C−1.
On the other hand, the equalities
diag
((
q/γ(q)
)r1,ξ , . . . , (q/γ(q))rn,ξ) = γ(P (0)ξ)−1P (0)ξ
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diag
((
q/γ(q)
)r1,ξ0 , . . . , (q/γ(q))rn,ξ0 ) = Cγ(P (0)ξ0)−1P (0)ξ0C−1
follow from the deﬁnition of P (0). By combining these four equalities, we have
G(r)γ = C˜γ
(
P (0)
)−1
P (0)C˜−1 · C˜ϕ(G(r)γ )C˜−1
where C˜ ∈ Mn(WOE ) =
∏
ξ∈Ξ Mn(Wξ) denotes the matrix whose component at ξ0 is 
equal to C and whose other components are equal to the identity matrix. The three 
matrices C˜γ(P (0))−1, P (0)C˜−1, C˜ϕ(G(r)γ )C˜−1 commute with each other since they are 
diagonal matrices. Hence the right hand side of the above formula can be rewritten as
P (0)C˜−1 · C˜ϕ(G(r)γ )C˜−1 · C˜γ(P (0))−1 = P (0)ϕ(G(r)γ )γ(P (0))−1.
Thus we have G(r)γ = P (0)ϕ(G(r)γ )γ(P (0))−1, which proves the claim. 
Proposition 2.10. The entries of the matrix
P (X)ϕ
(
G(r)γ
)
γ
(
P (X)
)−1 − G(r)γ
are in πr(A+K)OE [[X]].
Proof. By the deﬁnition of P (X), we have
P (X)P (0)−1 = 1n + Z, (2.2)
where Z ∈ Mn((A+K)OE [[X]]) =
∏
ξ∈Ξ Mn((A
+
K)OE ,ξ[[X]]) denotes the matrix whose 
component at ξ is equal to Zξ for every ξ ∈ Ξ. The matrix 1n+Z is congruent to 1n mod-
ulo the maximal ideal of (A+K)OE [[X]]. Hence by (2.2), the matrix γ(P (X))γ(P (0))−1
is invertible in Mn((A+K)OE [[X]]). Thus to prove the claim, it suﬃces to show that the 
entries of the matrix
Y :=
(
P (X)ϕ
(
G(r)γ
)
γ
(
P (X)
)−1 − G(r)γ ) · γ(P (X))γ(P (0))−1
are in πr(A+K)OE [[X]].
By (2.2), we have
Y =
(
P (X)ϕ
(
G(r)γ
)− G(r)γ γ(P (X))) · γ(P (0))−1
= P (X)ϕ
(
G(r)γ
)
γ
(
P (0)
)−1 − G(r)γ γ(1n + Z)
= (1n + Z)P (0)ϕ
(
G(r)γ
)
γ
(
P (0)
)−1 − G(r)γ γ(1n + Z).
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Y = (1n + Z)G(r)γ − G(r)γ γ(1n + Z)
= ZG(r)γ − G(r)γ γ(Z).
For h = 0, . . . , c − 1, it follows from the deﬁnitions of G(r)γ and Z that the component at 
ξh of the (i, j)-entry of Y is
zi,j,ξhλ(fj,ξh)/γ
(
λ(fj,ξh)
)− γ(zi,j,ξh)λ(fi,ξh)/γ(λ(fi,ξh))
multiplied by 
∑
θ∈Θ Xi,j,θ. Let Kξh denote the ﬁeld of fractions of Wξh . Then by the 
deﬁnition of zi,j,ξh , the element zi,j,ξh − pmλ(fi,ξh)/λ(fj,ξh) is in πrKξh [[π]]. There-
fore, the component at ξh of the (i, j)-entry of Y is an element of πrKξh [[π]] ∩
Wξh [[π]] = πrWξh [[π]] multiplied by 
∑
θ∈Θ Xi,j,θ. In particular, the (i, j)-entry of Y
lies in πr(A+K)OE [[X]]. We are done. 
2.6. The matrix Gγ
Proposition 2.11. For each γ ∈ ΓK , there exists a unique matrix Gγ ∈ Mn((A+K)OE [[X]])
satisfying the following conditions:
• Gγ ≡ G(r)γ mod πr(A+K)OE [[X]], and
• P (X)ϕ(Gγ) = Gγγ(P (X)).
Before going to the proof, we will introduce some notation. We put P0 :=
P (X) mod π(A+K)OE [[X]] and Z0 := Z mod π(A
+
K)OE [[X]]. They are n-by-n matri-
ces with entries in (A+K)OE/(π) = WOE [[X]]. For ξ ∈ Ξ, we let D0,ξ denote the diagonal 
matrix diag(α1pr1,ξ , . . . , αnprn,ξ) ∈ Mn(Wξ) and put D0 = (D0,ξ)ξ∈Ξ ∈ Mn(WOE ). It 
follows from the deﬁnition of P0 that the equality
P0 = (1n + Z0)D0C˜ (2.3)
holds, which shows that the matrix P0 is invertible as a matrix with entries in 
WOE [[π]][1/p].
For ξ ∈ Ξ and for f0,ξ ∈ Wξ[[X]], let σ′(f0,ξ) ∈ WσΞ(ξ)[[X]] denote the formal 
power series obtained by applying σ on each coeﬃcient of f0,ξ. For f0 = (f0,ξ)ξ∈Ξ ∈
WOE [[X]], let σ(f0) denote the element in WOE [[X]] whose component at ξ ∈ Ξ is equal 
to σ′(f0,σ−1Ξ (ξ)) for ξ = ξ0 and whose component at ξ0 is equal to
σ′(f0,σ−1Ξ (ξ0))
((∑
σ
(c)
θ,θ′Xi,j,θ′
) )
∈ Wξ0 [[X]].θ′∈Θ i,j,θ
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entries of M0.
Let M0 be an element in WOE [[X]] (resp. in Mn(WOE [[X]])). For any M ∈
(A+K)OE [[X]] (resp. for any M ∈ Mn((A+K)OE [[X]])) satisfying M0 ≡ M mod
π(A+K)OE [[X]], the following properties are easily checked:
• σ(M0) ≡ ϕ(M) mod π(A+K)OE [[X]], and
• γ(M0) ≡ γ(M) mod π(A+K)OE [[X]] for any γ ∈ ΓK .
For M0 ∈ Mn(WOE [[X]]), put
Ψ(M0) := prP0σ(M0)P−10 .
By (2.1) and (2.3), the component Ψ(M0)ξ of Ψ(M0) at ξ ∈ Ξ is equal to
Ψ(M0)ξ = pδξ(1n + Z0)
(
p−rξ,minD0
)
C˜σ(M0)C˜−1
(
prξ,maxD−10
)
(1n + Z0)−1, (2.4)
where δξ = r − (rξ,max − rξ,min). Thus Ψ(M0) lies in Mn(WOE [[X]]), and any entries of 
Ψ(M0) are divisible by p if δ = 1. Let m be the Jacobson radical of WOE [[X]]. It is clear 
that the operation M0 → Ψ(M0) is σ-semilinear. Hence Ψ induces a semilinear operation 
Ψ0 := Ψ mod m on Mn(WOE [[X]]/m) = Mn(WOE ⊗OE F).
The following is a key lemma for the proof of Proposition 2.11:
Lemma 2.12.
(1) The operation Ψ0 is nilpotent, i.e., there exists an integer i ≥ 1 such that Ψ i0 = 0. 
Furthermore, we can take such an i satisfying i ≤ nc.
(2) The operation Ψ is m-adically nilpotent in the following sense: for any integer k ≥ 1, 
there exists an integer i, such that the entries of Ψ i(M0) are in mk for any M0 ∈
Mn(WOE [[X]]).
Proof. First we prove (1). Suppose that δ = 1. Since Ψ0 = 0 by (2.4), the claim is clear in 
this case. Let us assume δ = 0. For i, j ∈ [1, n] and for ξ ∈ Ξ, let Ei,j,ξ ∈ Mn(WOE [[X]])
denote the matrix such that the component at ξ of the (i, j)-entry is equal to 1 and that 
the other components and other entries are equal to 0. Let Ξ ′ ⊂ Ξ denote the subset 
of the elements ξ ∈ Ξ satisfying δξ = 0. Let I denote the subset of [1, n] × Ξ which 
consists of the elements (i, ξ) ∈ [1, n] × Ξ ′ satisfying ri,ξ = rξ,min, and let J denote 
the subset of [1, n] × Ξ which consists of the elements (i, ξ) ∈ [1, n] × Ξ ′ satisfying 
ri,ξ = rξ,max.
We consider the reductions modulo m of the both sides of (2.4). We have Z0 ≡ 0
mod m, and (p−rξ,minD0,ξ)ξ∈Ξ mod m is a diagonal matrix such that the component at 
ξ of the i-th diagonal entry is invertible if (i, ξ) ∈ I and is zero otherwise. On the other 
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i-th diagonal entry is invertible if (i, ξ) ∈ J and is zero otherwise. Thus it follows from 
(2.4) that Ψ0(Ei,j,ξ) is a multiple of Ei,j,σΞ(ξ) for σΞ(ξ) = ξ0, and of Ew−1(i),w−1(j),ξ0
for σΞ(ξ) = ξ0 by a constant in W [[X]]/m, and Ψ0(Ei,j,ξ) = 0 unless w˜−1(i, ξ) ∈ I
and w˜−1(j, ξ) ∈ J . (Note that w˜−1(i, ξ) is equal to (i, σΞ(ξ)) for σΞ(ξ) = ξ0, and to 
(w−1(i), ξ0) for σΞ(ξ) = ξ0.) Since we have assumed δ = 0, there exists, for any i, j ∈ [1, n]
and for any ξ ∈ Ξ, an integer k ≤ nc such that w˜−k(i, ξ) /∈ I or w˜−k(j, ξ) /∈ J . Hence 
we have Ψnc0 (Ei,j,ξ) = 0 for any i, j ∈ [1, n] and for any ξ ∈ Ξ. Therefore Ψnc0 = 0 which 
prove the claim (1).
We prove the claim (2) by induction on k. If k = 1, the claim follows from (1). 
Suppose that k ≥ 2, and assume that the statement holds for k − 1. By the induction 
hypothesis, there exists an integer i′ such that the entries of Ψ i′0 (M0) are in mk−1 for 
any M0 ∈ Mn(WOE [[X]]). Thus there exist an integer  ≥ 0, elements x1, . . . , x
 ∈ m
−1, 
and N1, . . . , N
 ∈ Mn(WOE [[X]]) such that Ψ i
′
0 (M0) can be written as a ﬁnite sum
Ψ i
′
0 (M0) =

∑
j=1
xjNj .
Then, for i := i′ + nc, we obtain
Ψ i0(M0) =

∑
j=1
σnc(xj)Ψnc0 (Nj).
Hence it follows from (1) that the entries of Ψ i0(M0) are in mk. Thus the statement holds 
for k. 
Proof of Proposition 2.11. First we prove the uniqueness of Gγ . Suppose that two ma-
trices Gγ and G′γ , with Gγ = G′γ , satisfy the conditions of Proposition 2.11. Let k be 
the maximum non-negative integer satisfying Gγ ≡ G′γ mod πk(A+K)OE [[X]]. We have 
k ≥ r, since Gγ ≡ G′γ mod πr(A+K)OE [[X]] by assumption. Put Gγ − G′γ = πkH, 
where H ∈ Mn((A+K)OE [[X]]). By assumption, we have P (X)ϕ(πkH) = πkHγ(P (X)), 
that is,
qkP (X)ϕ(H) = Hγ
(
P (X)
)
. (2.5)
Put H0 := H mod π(A+K)OE [[X]]. Then H0 is in Mn((A
+
K)OE [[X]]/(π)) =
Mn(WOE [[X]]), and H0 = 0 by the deﬁnition of k. By (2.5), we have pkP0σ(H0) = H0P0. 
Thus we have
H0 = pk−rΨ(H0). (2.6)
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H0 = pi(k−r)Ψ i(H0)
for any i ≥ 1. It follows from Lemma 2.12 that the entries of the right hand 
side of the above formula converge to 0 with respect to the m-adic topology of 
WOE [[X]]. Hence we have H0 = 0, which gives a contradiction. This proves that 
the matrix Gγ satisfying the conditions of Proposition 2.11 is unique if it ex-
ists.
Next we will show the existence of Gγ . It suﬃces to construct Gkγ ∈ Mn((A+K)OE [[X]])
for each k ≥ r satisfying
• G(k)γ ≡ G(r)γ mod πr(A+K)OE [[X]],
• G(k)γ ≡ G(k−1)γ mod πk−1(A+K)OE [[X]] for k > r, and
• P (X)ϕ(G(k)γ )γ(P (X))−1 ≡ G(k)γ mod πk(A+K)OE [[X]],
since we can deﬁne Gγ as the limit of G(k)γ . We construct such a G(k)γ by induction on k. 
For k = r, we put G(k)γ := G(r)γ . We assume that k > r and that G(k−1)γ is constructed. 
To construct G(k)γ , it is enough to ﬁnd a matrix H ∈ Mn((A+K)OE [[X]]) satisfying
P (X)ϕ
(
G(k−1)γ + πk−1H
)
γ
(
P (X)
)−1 ≡ G(k−1)γ + πk−1H mod πk(A+K)OE [[X]].
(2.7)
By assumption, there exists Y ∈ Mn((A+K)OE [[X]]) satisfying
P (X)ϕ(G(k−1)γ )γ(P (X))−1 − G(k−1)γ = πk−1Y . Put H1 := H mod π(A+K)OE [[X]], 
Y0 := Y mod π(A+K)OE [[X]]. The equality (2.7) is equivalent to
H1 − pk−1P0ϕ(H1)P−10 = Y0,
that is,
H1 − pk−r−1Ψ(H1) = Y0. (2.8)
Let us consider an inﬁnite sum
H1 :=
∑
i≥0
pi(k−r−1)Ψ i(Y0).
Lemma 2.12 shows that this inﬁnite sum m-adically converges, and satisﬁes (2.8). Take 
an arbitrary lift H ∈ Mn((A+K)OE [[X]]) of H1. Then H satisﬁes (2.7). Therefore the 
matrix G(k)γ := G(k−1)γ +πk−1H satisﬁes the conditions listed in the previous paragraph. 
This completes the proof of the existence of Gγ . 
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We put
Tuple :=
∏
i,j∈[1,n],θ∈Θ
mE .
For a = (ai,j,θ) ∈ Tuple, we deﬁne an OE-algebra homomorphism eva : (A+K)OE [[X]] →
(A+K)OE to be the homomorphism which sends f(X) = (fξ(X)) ∈ (A+K)OE [[X]] to 
(fξh(ai,j,θσh(eθ)))0≤h≤c−1 ∈ (A+K)OE . It is easy to check that the homomorphism eva
is compatible with the endomorphisms ϕ of (A+K)OE [[X]] and (A
+
K)OE , and with the 
actions of ΓK on (A+K)OE [[X]] and (A
+
K)OE .
Let n ≥ 1 and let (w, r, α) ∈ DataK,E,n be an eﬀective basic datum of degree n. We put 
rξ,min = mini∈[1,n] ri,ξ and rξ,max = maxi,∈[1,n]×Ξ ri,Ξ . Let P (X) and Gγ for γ ∈ ΓK be 
as in the previous section. For a ∈ Tuple, we put Pa := eva(P (X)) and Gγ,a := eva(Gγ). 
Let Na,OE = (A+K)
⊕n
OE
be a free (A+K)OE -module of rank n. Let ϕN,a be the ϕ-semi-linear 
endomorphism of Na,OE whose matrix with respect to the standard basis is equal to 
Pa. For γ ∈ ΓK , let γa be the γ-semi-linear endomorphism of Na,OE whose matrix with 
respect to the standard basis is equal to Gγ,a. The map γ → γa gives a semi-linear action 
of the group ΓK on Na,OE . We put Na = E ⊗OE Na,OE which is a free (B+K)E-module of 
rank n. We extend the endomorphism ϕN,a of Na,OE (resp. the action of ΓK on Na,OE ) 
to that of Na (resp. that on Na) by E-linearity. The endomorphism ϕN,a on Na induces 
a ϕ-semi-linear homomorphism (B+K)E [1/π] ⊗(B+K)E Na → (B
+
K)E [1/ϕ(π)] ⊗(B+K)E Na
which we denote by the same symbol ϕN,a by abuse of notation. The following lemma 
is easily checked:
Lemma 3.1. The (B+K)E-module Na together with the endomorphism ϕN,a and the ac-
tion of ΓK form a Wach module over (B+K)E with the Hodge–Tate weights in the tuple 
([−rσΞ(ξ),max, −rσΞ(ξ),min])ξ∈Ξ of intervals and the (A+K)OE -module Na,OE is a Wach 
lattice of the étale (ϕ, ΓK)-module Na ⊗(B+K)E (BK)E over (BK)E. 
Let Va be the free E-representation of GK corresponding to the étale (ϕ, ΓK)-module 
Na ⊗(B+K)E (BK)E over (BK)E . Then V is crystalline with the Hodge–Tate weights in 
([−rσΞ(ξ),max, −rσΞ(ξ),min])ξ∈Ξ . Let Ta ⊂ Va be the GK-stable OE-lattice corresponding 
to the Wach lattice Na,OE . The following lemma follows from the argument in [BLZ, 
Theorem 4.1.1].
Lemma 3.2. For a ∈ Tuple, there is a canonical isomorphism F ⊗OE Ta ∼= F ⊗OE T0 of 
free F-representation of GK where 0 = (0)i,j∈[1,n],θ∈Θ ∈ Tuple.
We need the following lemma.
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satisfying ϕ(x) ∈ qs(B+K)E,ξ. Then x ∈ πs(B+K)E,ξ.
Proof. Take a primitive p-th root ζp of unity in an algebraic closure Kξ of Kξ = E⊗OEWξ
and let W ′ξ = Wξ[ζp]. Let g be the E′-linear (π, p)-adically continuous automorphism of 
W ′ξ[[π]] which sends π to ζp(1 + π) − 1.
Since g((1 + π)p) = (1 + π)p, we have g ◦ ϕ = ϕ on W ′ξ[[π]]. Hence ϕ(x) = g(ϕ(x)) ∈
g(q)sW ′ξ[[π]]. Since g(q) = πq/(ζp(1 +π) −1) is divisible by π, we have ϕ(x) ∈ (B+K)E,ξ ∩
πsW ′ξ[[π]] = πs(B+K)E,ξ. This shows x ∈ πs(B+K)E,ξ. 
Corollary 3.4. Let r, s ≥ 0 be two non-negative integers and let ξ ∈ Ξ. Then the set
{
x ∈ (B+K)E,ξ ∣∣ qrϕ(x) ∈ qs(B+K)E,ξ}
is equal to (B+K)E,ξ if r ≥ s, and is equal to πs−r(B+K)E,ξ if r < s. 
Corollary 3.5. For each integer i ≥ 0, the set
FiliNa =
{
x ∈ Na
∣∣ ϕN,a(x) ∈ qiNa}
is equal to the set of the elements t((x1,ξ)ξ, . . . , (xn,ξ)ξ) ∈ Na = (B+K)⊕nE such that 
xj,σ−1Ξ (ξ)
∈ πi−rj,ξ(B+K)E,ξ for every (j, ξ) ∈ [1, n] × Ξ with ξ = ξ0 and i > rj,ξ, and that 
xw(j),σ−1Ξ (ξ0)
∈ πi−rj,ξ0 (B+K)E,ξ0 for every j ∈ [1, n] with i > rj,ξ0 . 
3.1. Semi-induced representations
Deﬁnition 3.6. We say that a free E-representation V is semi-induced if V is isomorphic 
to a direct sum 
⊕
i Vi of free E-representations of GK such that for each i, there exists 
a ﬁnite extension E′i of E such that E′i ⊗E Vi is induced from an E′i-valued continuous 
character of an open subgroup of GK .
Let L be a ﬁnite unramiﬁed extension of K and let OL denote its ring of integers. For 
ξ ∈ Ξ, the OE ⊗Zp OL-algebra Wξ ⊗W OL is equal to a direct product Wξ ⊗W OL =∏
ω∈Ωξ Wξ,ω, where for each ω ∈ Ωξ, the OE-algebra Wξ,ω is the ring of integers of a 
ﬁnite unramiﬁed extension of Kξ, and the index set Ωξ is a ﬁnite set whose cardinality 
is equal to the greatest common divisor of [F : Fp]/c and [L : K].
Proposition 3.7. Let V be a crystalline free E-representation V of GK of dimension n. Let 
Dcrys(V )E be the ﬁltered ϕ-module over E⊗QpK associated to V . Then V is semi-induced 
if there exist a basic datum (w, r, α) = (w, (ri,ξ), (αi,ξ)) ∈ DataK,E,n of degree n and an 
E ⊗Qp K-basis d1, . . . , dn of Dcrys(V )E which satisfy the following properties:
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j=1 xjdj ∈ Dcrys(V )E such that the component of xj at σ−1Ξ (ξ) is equal to zero 
for every (j, ξ) ∈ [1, n] ×Ξ with ξ = ξ0 and i > rj,ξ, and that the component of xw(j)
at σ−1Ξ (ξ0) is equal to zero for every j ∈ [1, n] with i > rj,ξ0 .
(2) For ξ ∈ Ξ, the component at ξ of the matrix of ϕ with respect to the basis d1, . . . , dn
is equal to
diag
(
α1,ξp
r1,ξ , . . . , αn,ξp
rn,ξ
)
for ξ = ξ0 and is equal to
diag
(
α1,ξp
r1,ξ , . . . , αn,ξp
rn,ξ
) · C
for ξ = ξ0, where C denotes the permutation matrix corresponding to w−1.
Moreover the converse is true if V has distinct Hodge–Tate weights or if we replace V
by E′ ⊗E V for some ﬁnite extension E′ of E.
Deﬁnition 3.8. For a basic datum (w, r, α) ∈ DataK,E,n and for a crystalline free 
E-representation V of GK , we say that a V is semi-induced of type (w, r, α) if V satisﬁes 
the conditions in Proposition 3.7 for (w, r, α).
Remark 3.9. We remark that, for a free E-representation V of GK which is crystalline 
and semi-induced, a basic data (w, r, α) as in Proposition 3.7 is not necessarily unique.
To prove Proposition 3.7 we need the following lemma.
Lemma 3.10. A free E-representation V of GK is semi-induced and crystalline if and 
only if V is isomorphic to a direct sum 
⊕
i Vi of free E-representations such that for 
each i there exist a ﬁnite extension E′i of E, a ﬁnite unramiﬁed extension Ki of K, and 
a crystalline character ηi : GKi → E′ ×i such that E′i ⊗E Vi is isomorphic to the induced 
representation IndKKiηi.
Proof. The “if” part of the claim is clear. We prove the “only if” part. Suppose that 
V is semi-induced and crystalline. Then V is isomorphic to a direct sum 
⊕
i Vi of free 
E-representations such that for each i, there exist a ﬁnite extension E′i of E and a ﬁnite 
extensions Ki of K and a continuous character ηi : GKi → E′ ×i such that E′i ⊗E Vi
is isomorphic to the induced representation IndKKiηi. Since V is crystalline, Ind
K
Kiηi is 
crystalline for every i. This in particular shows that ηi is crystalline. Since the inertia 
subgroup of GK trivially acts on Dpst(IndKKiηi)E′i , the extension Ki/K is unramiﬁed. 
This proves the claim. 
Proof of Proposition 3.7. Below we prove the “converse” part. The other part is easier 
to prove and follows by reversing the argument below.
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a direct sum 
⊕
i Vi of free E-representations such that for each i there exist a ﬁnite 
extension E′i of E and a ﬁnite unramiﬁed extensions Ki and a crystalline character 
ηi : GKi → E′ ×i such that E′i ⊗E Vi is isomorphic to the induced representation IndKKiηi. 
Let us ﬁx i. By enlarging E′i if necessary, we may assume that the residual degree of 
E′i/Qp is divisible by [Ki : Qp]. Let rec : K×i → GabKi denote the reciprocity map in 
the local class ﬁeld theory which sends a uniformizer in Ki to a lift of the geometric 
Frobenius, and let I(Ki) denote the set of embeddings Ki → E′i of Qp-algebras. It 
follows from the classiﬁcation of crystalline characters that for each ι ∈ I(Ki), there 
exists an integer rι ∈ Z such that the character ηi ◦ rec is equal to the tensor product 
of an unramiﬁed quasi-character κi : K×i → E′ ×i and the quasi-character which sends 
x ∈ K×i to the product ∏
ι∈I(Ki)
ι(x)rι ∈ E′ ×i .
The tensor product E′i ⊗Qp Ki is a product E′i ⊗Qp Ki =
∏
ι∈I(Ki) E
′
i of copies of E′i
where x ⊗ y ∈ E′i ⊗Qp Ki in the left hand side corresponds to (ι(x)y)ι∈I(Ki) in the right 
hand side. Let σi denote the Frobenius automorphism of Ki. The composition with σ−1i
induces a cyclic permutation of the set I(Ki) which we denote by σI(Ki) : I(Ki) → I(Ki).
With the above notation, the ﬁltered ϕ-module Dcrys(ηi)E′i over E
′
i⊗Qp Ki has the fol-
lowing description. For ι ∈ I(Ki), let Dcrys(ηi)ι denote the component at ι of Dcrys(ηi)E′i . 
Then for j ∈ Z and for ι ∈ I(Ki), the component at ι of FiljDcrys(ηi)E′i is equal to 
Dcrys(ηi)ι for j ≤ rι, and is equal to zero for j > rι. For each ι ∈ I(Ki), take an E′i-basis 
dι of Dcrys(ηi)ι. Let ι ∈ I(Ki) and put ι′ = σ−1I(Ki)(ι). Let bι ∈ E′i denote the unique ele-
ment satisfying ϕ(dι′) = bιdι. Then we have 
∏
ι∈I(Ki) bι = κi(p). Since the character ηi
takes values in O×E′i , the element p
−∑ι bικi(p) is in O×E′i . Hence by changing the basis dι, 
we may assume that bι ∈ prιO×E′i for each ι ∈ I(Ki).
Then the claim follows from the observation that Dcrys(IndKKiηi)E′i is equal to 
Dcrys(ηi)E′i regarded as a ﬁltered ϕ-module over E
′
i ⊗Qp K. 
Deﬁnition 3.11. For a basic datum (w, r = (ri,ξ), α = (αi,ξ)) ∈ DataK,E,n and for a 
crystalline free E-representation V of GK , we say that V is nearly semi-induced of type 
(w, r, α) if the ﬁltered ϕ-module Dcrys(V )E over E ⊗Qp K associated to V has a basis 
d1, . . . , dn over E ⊗Qp K satisfying the following conditions:
(1) For each i ∈ Z, the submodule FiliDcrys(V )E is equal to the set of elements ∑n
j=1 xjdj ∈ Dcrys(V )E such that the component of xj at σ−1Ξ (ξ) is equal to zero for 
every (j, ξ) ∈ [1, n] ×Ξ with ξ = ξ0 and i > rj,ξ, and that the component of xw(j) at 
σ−1Ξ (ξ0) is equal to zero for every j ∈ [1, n] with i > rj,ξ0 .
(2) Let m be the integer introduced in Section 2.4. (Note that we have m ≤ (r − 1)/
(p −1).) Then for each ξ ∈ Ξ there exists a matrix Uξ ∈ GLn(Wξ) which is congruent 
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of the endomorphism ϕ of Dcrys(V )E with respect to the basis d1, . . . , dn is equal to
Uξ · diag
(
α1,ξp
r1,ξ , . . . , αn,ξp
rn,ξ
)
for ξ = ξ0 and is equal to
Uξ0 · diag
(
α1,ξp
r1,ξ , . . . , αn,ξp
rn,ξ
) · C
for ξ = ξ0.
The following Proposition is an immediate consequence of Corollary 3.5.
Proposition 3.12. Let (w, r, α) ∈ DataK,E,n be an eﬀective basic datum of degree n and 
let V be a free E-representation of GK which is crystalline and nearly semi-induced of 
type (w, r, α). Then there exists a tuple a ∈ Tuple such that the Wach module N(V ) over 
(B+K)E is isomorphic to the Wach module Na. 
The following Corollary is an immediate consequence of the Proposition 3.12 and 
Lemma 3.2.
Corollary 3.13. Let V be as in Proposition 3.12. Then the semi-simpliﬁcation of the reduc-
tion mod mE of any GK-stable OE-lattice of V is isomorphic to the semi-simpliﬁcation 
of F ⊗OE T0 as a free F-representation of GK.
Remark 3.14. The condition Uξ ≡ 1 (mod pmmEWξ) in Deﬁnition 3.11 implies that, for 
the representation V in Proposition 3.12 and Corollary 3.13, the characteristic polyno-
mial ch(Frob) of the crystalline Frobenius Frob := ϕ[K:Qp] on Dcrys(V )E is p-adically 
close to the characteristic polynomial ch(Qw,r,α) of the matrix
Qw,r,α := diag
(∏
ξ
α1,ξp
r1,ξ , . . . ,
∏
ξ
αn,ξp
rn,ξ
)
w−1.
It is remarkable that for some two dimensional crystalline representations of GQp, for 
which ch(Frob) are not p-adically close to ch(Qw,r,α) for any (w, r, α) ∈ DataQp,E,2, the 
semi-simpliﬁcation of its reduction mod mE is explicitly obtained in [BB] and [BG] by 
a completely diﬀerent method, based on the compatibility of the p-adic and the mod p
local Langlands correspondences. The latter method is eﬀective for the other extreme 
case where ch(Frob) are “nearly p-adically farthest” from ch(Qw,r,α) for any (w, r, α). 
The limitations n = 2 and K = Qp in the latter method come from the fact that the 
p-adic local Langlands correspondence has been established only under these conditions. 
Hopefully they will be relaxed once the p-adic local Langlands correspondence will be 
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for these two extreme cases.
4. Local deformation rings and moduli of Wach modules
In this section, we study universal family of Wach modules, local deformation rings, 
and subfamily corresponding to the family constructed in the previous section.
Let AROE denote the category of Artinian local OE-algebra with residue ﬁeld F. Let VF
be a free F-representation of GK of dimension n. We consider the functor DVF from AROE
the category of groupoids which sends an object A in AROE to the groupoid DVF(A) of 
deformations of VF to A, that is, the groupoid DVF(A) such that the objects in DVF are 
the pairs of a free A-representation VA of GK and an isomorphism VA⊗AF ∼=−−→ VF of free 
F-representations of GK , and for two objects VA,1 and VA,2 of DVF(A), the morphisms 
from VA,2 to VA,2 are the isomorphisms VA,1
∼=−−→ VA,2 of free A-representations of GK
which are compatible with the given isomorphisms VA,i ⊗A F ∼= VF for i = 1, 2. Fix an 
F-basis of VF. We also consider the functor DVF from AROE to the category of sets which 
sends an object A in AROE to the set DVF(A) of framed deformations (or, “liftings” in 
the terminology of [CHT]) of VF to A, that is, the set DVF(A) of isomorphism classes 
of triples of a free A-representation VA of GK , an isomorphism VA ⊗A F ∼= VF of free 
F-representations of GK , and a lifting to VA of the ﬁxed basis of VF. Here two such 
triples VA,1 and VA,2 are called isomorphic if there exists an isomorphism VA,1
∼=−−→ VA,2
which transports the given basis of VA,1 to the given basis of VA,2. The functor DVF is 
pro-representable by a complete local Noetherian OE-algebra RVF .
Take an object A in AROE , and let VA be an object of the groupoid DVF(A). Let 
MA := D(V ∗A) be the étale (ϕ, ΓK)-module over (AK)A associated to the A-linear dual 
V ∗A of VA. For a tuple r = (rξ) of non-negative integers indexed by ξ ∈ Ξ, let us consider 
the functor WVA,≤r from the category of A-algebras to the category of sets, which sends 
an A-algebra B to the set of Wach lattices in MA ⊗A B with Hodge–Tate weights in the 
tuple [0, r] of intervals. (see [K2, §3] for the deﬁnition of Wach lattices in MA ⊗A B). 
By [K2, Proposition (3.5)] the functor WVA,≤r has the following properties: The functor 
WVA,≤r is represented by a projective A-scheme WVA,≤r. If R is any complete local 
Noetherian ring with residue ﬁeld F, and VR a deformation of VF to R, then there exists 
a projective R-scheme ΘR : WVR,≤r → SpecR such that
(1) If A is in AROE and R → A is a homomorphism of local OE-algebras inducing the 
identity on residue ﬁelds, then there exists a canonical isomorphism WVR,≤r⊗RA 
∼=−−→
WVA,≤r, where VA = VR ⊗R A.
4 After a submission of this paper, we found a way of extending our method by using the hypergeometric 
polynomials when n = 2, K = Qp and ch(Frob) are between “p-adically close to ch(Qw,r,α)” and “nearly 
p-adically farthest from ch(Qw,r,α)”, which covers all the intermediate range if the width of Hodge ﬁltration 
is less than p
2+1
2 [YY]. We also expect a possibility that this new technique is generalized to the case where 
n ≥ 2 and K is an unramiﬁed extension of Qp.
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is a ﬁnite E-algebra, then a homomorphism R → A of OE-algebras factors through 
the coordinate ring of the scheme theoretic image of ΘR if and only if VA = VR ⊗R A
is a crystalline representation with Hodge–Tate weights in [0, r].
For R = RVF , let R,≤rVF denote the coordinate ring of the scheme theoretic image of 
ΘRVF
. For a ﬁnite local Qp-algebra A and a free A-representation VA of GK which is 
crystalline with non-negative Hodge–Tate weights, we put
PVA(T ) := detK⊗QpA
(
T − ϕ[K:Qp]∣∣Dcrys(V ∗A)),
and let cVA,i denote the coeﬃcient of T i in PVA(T ) for i = 0, . . . , n −1. It follows from the 
argument in [K2, Corollary (3.7)] that the OE-algebra R,≤rVF has the following properties.
(1) R,≤rVF [1/p] is formally smooth over E.
(2) For i = 0, . . . , n − 1, there is a unique ci ∈ R,≤rVF [1/p] such that for any ﬁnite 
E-algebra A, and any OE-algebra homomorphism h : RVF → A, the representation 
VA obtained from the universal representation over RVF by specialization by h sat-
isﬁes cVA,i = h(ci). Moreover, the element ci is contained in the normalization of 
Im{R,≤rVF → R,≤rVF [1/p]}.
Lemma 4.1. For any nc-tuple r = (ri,ξ)(i,ξ)∈[1,n]×Ξ of integers and for every ξ ∈ Ξ, there 
exists a unique quotient R,rVF of RVF with the following properties:
(1) R,rVF is p-torsion free, and if R,rVF = 0, then R,rVF [1/p] is formally smooth over E
of pure dimension n2 + ([K : Qp]/c) ·
∑
ξ∈Ξ mξ where for ξ ∈ Ξ, let mξ denote the 
number of pairs (i, j) ∈ [1, n] × [1, n] satisfying ri,ξ > rj,ξ.
(2) If E′ is a ﬁnite extension of E, x : RVF → E′ a morphism of E-algebras, and Vx the 
representation of GK obtained by specializing the universal RVF-representation by x, 
then x factors through R,rVF if and only if Vx is crystalline with Hodge–Tate weights 
(r1,z(ξ), . . . , rn,z(ξ))ξ∈ΞE′ where z : ΞE′ → Ξ = ΞE denotes the map induced by the 
inclusion WOE ⊂ WOE′ .
Proof. This is a special case of [K3, Theorem (3.3.8)]. 
Fix an eﬀective basic datum (w, r, α) = (w, (ri,ξ), (αi,ξ)) ∈ DataK,E,n. We restrict 
ourselves to the case where VF is the F-linear dual of F ⊗OET0 where T0 is as in Lemma 3.2. 
We ﬁx an F-basis of VF. Let a ∈ Tuple. By Lemma 3.2, we have a canonical isomorphism 
F ⊗OE T ∗a ∼= VF. Let B be an OE-basis of the OE-dual T ∗a of Ta which is compatible with 
the ﬁxed basis of VF under the above isomorphism F ⊗OE T ∗a ∼= VF. The pair (Ta, B) gives 
a homomorphism R,rVF → OE of local OE-algebras. Let xa,B : R,rVF [1/p] → E denote its 
base change to E.
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E-rational point xa,B does not depend on the choice of the pair (a, B).
Proof. First we prove that the connected component does not depend on the choice 
of B. Let (a, B1) and (a, B2) be two pairs with the common ﬁrst component. Then 
there exists an element g in the kernel of GLn(OE) → GLn(F) such that B2 = gB1, 
that is, the matrix of the identity endomorphism of T ∗a with respect to the basis B2
in the source and the basis B1 in the target is equal to g. We ﬁx a uniformizer  of 
E and write g = 1n + Y . Let R := OE [[t]] be the ring of formal power series with 
coeﬃcients in OE . For an object A in AR(OE) and for a homomorphism f : R → A
of local OE-algebras, the pair (A ⊗OE Ta, (1 + f(t)Y )B1) deﬁnes an element in DVF(A). 
The association f → (A ⊗OE Ta, (1 + f(t)Y )B1) yields a homomorphism ψ : RVF → R
of complete local OE-algebras. We claim that the homomorphism ψ factors through 
the quotient R,rVF and hence induces a homomorphism ψ : R,rVF → R. For a ∈ m, 
let fa : R → E denote the continuous homomorphism of OE-algebras which sends 
T to a. It follows from the construction of the homomorphism ψ that the composite 
fa ◦ ψ factors through the quotient R,rVF for any a ∈ m. Then the claim follows since 
Weierstrass preparation theorem implies that the homomorphism R → ∏a∈mE given 
by fa is injective. It is clear that the homomorphism xa,B1 (resp. xa,B2) is equal to the 
composite
R,rVF [1/p] ψ−→ R[1/p] → E
where the second map is the continuous homomorphism which sends t to 0 (resp. 1). 
Since SpecR[1/p] is irreducible, the two points xa,B1 and xa,B2 lie in the same irreducible 
component of SpecR,rVF [1/p].
Let R be a quotient of the ring OE [[X]] = OE [[Xi,j,θ(i, j ∈ [1, n], θ ∈ Θ)]] such 
that R is a ﬁnite OE-algebra. Let sR : OE [[X]] → R denote the canonical surjection. 
Let P (X)R and Gγ,R denote the matrices obtained by applying the homomorphism 
id ⊗ sR : (A+K)OE [[X]] = OE [[X]] ⊗Zp A+K → R ⊗Zp A+K to the entries of P (X) and Gγ
respectively. Then the pair (P (X)R, (Gγ,R)γ∈Γ ) gives a structure of étale (ϕ, ΓK)-module 
on (R⊗Zp AK)⊕n. Let TR denote the free R-representation of GK associated to this étale 
(ϕ, ΓK)-module. Let T ∗R denote the R-linear dual of TR. The collection (T ∗R)R, where R
runs over the quotients of the ring OE[[X]] which is ﬁnite over OE , forms a projective 
system. We put T ∗OE [[X]] = lim←−−R T
∗
R and take an OE [[X]]-basis BOE [[X]] which lifts the 
given basis of T ∗F = VF. The pair (T ∗OE [[X]], BOE [[X]]) gives a framed deformation of 
VF to OE [[X]]. We put rξ,max = maxi∈[1,n] ri,ξ for ξ ∈ Ξ and rmax = (rξ,max)ξ∈Ξ . 
It follows from the construction of the OE[[X]]-scheme W = WT∗OE [[X]],≤rmax that the 
matrices P (X) and Gγ give an OE [[X]]-rational point of W . Hence the homomorphism 
RVF → OE [[X]] which comes from the universality factors through the quotient R,≤rmaxVF . 
Since the set of E-rational points of a rigid analytic open unit disc over E is not contained 
in any proper analytic closed subvariety, a technique similar to that in the proof of the 
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through the quotient R,rVF . Since the scheme SpecOE [[X]][1/p] is irreducible, the claim 
follows. 
5. Applications to automorphy lifting theorem and potential automorphy theorem
Deﬁnition 5.1. We say that a crystalline free E-representation V of GK is absolutely 
nearly semi-induced if there exist a ﬁnite extension E′ of E and a basic datum (w, r, α) =
(w, (ri,ξ), (αi,ξ)) ∈ DataK,E′,n such that E′ ⊗E V is nearly semi-induced of type (w, r, α). 
We say that a free E-representation V of GK is upper-triangular if there is a ﬁltration 
on V by E-subrepresentations whose graded pieces are one-dimensional.
Proposition 4.2 together with Lemma 1.4.1 and Lemma 1.4.3 of [BLGGT] gives the 
following result.
Proposition 5.2. Let V be a free E-representation of GK which is either crystalline 
and absolutely nearly semi-induced or potentially crystalline and upper-triangular. Then 
V ⊗E OQp is potentially diagonalizable in the sense of [BLGGT, 1.4]. 
This proposition, together with the main results of [BLGGT, Theorem 4.2.1, Corollary 
4.5.2], we have the following automorphy lifting and potential automorphy results.
Corollary 5.3. Let F be an imaginary CM ﬁeld and let F+ denote its maximal totally 
real subﬁeld. Let n ≥ 1 be an integer and let p be a prime number such that F is 
unramiﬁed at p, and that F does not contain a primitive p-th root of unity. Fix an 
isomorphism ι : Qp
∼=−−→ C. Let E be a ﬁnite extension of Qp and let (r, μ) be the pair of 
a continuous absolutely irreducible representation r : GF → GLn(E) and a continuous 
character μ : GF+ → E× such that rc is isomorphic to r∨ ⊗ μ where c ∈ Gal(F/F+)
denotes the complex conjugation. Let r denote the reduction of r and assume that the 
following conditions are satisﬁed:
(1) r is unramiﬁed outside a ﬁnite set of primes.
(2) The restriction of r to GF (ζp) is irreducible.
(3) p ≥ 2(d + 1) where d is the maximal dimension of an irreducible subrepresentation 
of the restriction of r to the closed subgroup of GF generated by all Sylow pro-p
subgroups.
(4) For all prime v of F dividing p, the restriction r|GFv is potentially crystalline with 
distinct Hodge–Tate weights and is either crystalline and absolutely nearly semi-
induced or upper-triangular.
(5) There is a RAECSDC automorphic representation (π, ν) of GLn(AF ) whose asso-
ciated pair (rp,ι(π), rp,ι(ν)) of a p-adic Galois representation rp,ι(π) and a p-adic 
character rp,ι(ν) satisﬁes the following conditions:
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• either π is ι-ordinary in the sense of [G, Deﬁnition 5.1.2.], or for every v|p, the 
restriction rp,ι(π)|GFv is either crystalline and absolutely nearly semi-induced or 
potentially crystalline and upper-triangular.
Then (r, μ) is automorphic of level potentially prime to p.
Corollary 5.4. Let F+ be a totally real ﬁeld. Let n ≥ 1 be an integer. Let p be a prime 
number such that p ≥ 2(n + 1) and p is unramiﬁed in F+. Let E be a ﬁnite extension 
of Qp and let (r, μ) be the pair of a continuous absolutely irreducible representation 
r : GF+ → GLn(E) and a continuous character μ : GF+ → E× such that the pair (r, μ)
is a totally odd, essentially conjugate self dual representation. Let r denote the reduction 
of r and assume that the following conditions are satisﬁed:
(1) r is unramiﬁed outside a ﬁnite set of primes.
(2) The restriction of r to GF+(ζp) is irreducible.
(3) For all prime v of F+ dividing p, the restriction r|G
F
+
v
is potentially crystalline with 
distinct Hodge–Tate weights and is either crystalline and absolutely nearly semi-
induced or upper-triangular.
Then there exists a Galois, totally real extension F+′/F+ such that restriction 
(r|G
F+′ , μ|GF+′ ) is automorphic of level prime to p.
Acknowledgments
This paper is a generalized version of the preprint (2008) of the ﬁrst author. He thanks 
the second author for discussions and for extending the construction of the family of Wach 
modules in the previous version, and for checking and correcting the other part. (He also 
thanks him for precisely citing the recent preprints to remove some parts of the previous 
version. Especially, by citing [BLGGT], we could remove the part showing Rred = T for 
GLn case.) He thanks Ivan Fesenko in Nottingham University for the hospitality from 
April/2008 to March/2010.
He sincerely thanks TOYOTA Central R&D Labs., Inc. for oﬀering him a special 
position in which he can concentrate on pure mathematical research. The president of 
the company at that time told him that if they forced him to do something else, then 
it would be against the policy of the company, and it would be against the philosophy 
of the founder of the company as well. He also sincerely thanks Sakichi Toyoda for his 
philosophy, and the executives for inheriting it from him for 80 years after his death.
References
[BLGGT] T. Barnet-Lamb, T. Gee, D. Geraghty, R. Taylor, Potential automorphy and change of weight, 
Ann. of Math. (2) 179 (2014) 501–609.
748 G. Yamashita, S. Yasuda / Journal of Number Theory 147 (2015) 721–748[BLGHT] T. Barnet-Lamb, D. Geraghty, M. Harris, R. Taylor, A family of Calabi–Yau varieties and 
potential automorphy II, Publ. Res. Inst. Math. Sci. 47 (1) (2011) 29–98.
[B1] L. Berger, Limites de représentations cristallines, Compos. Math. 140 (2004) 1473–1498.
[B2] L. Berger, Représentations modulaires de GL2(Qp) et représentations galoisiennes de dimen-
sion 2, Astérisque 330 (2010) 263–279.
[B3] L. Berger, Local constancy for the reduction mod p of 2-dimensional crystalline representa-
tions, Bull. Lond. Math. Soc. 44 (3) (2012) 451–459.
[BB] L. Berger, C. Breuil, Sur la réduction des représentations cristallines de dimension 2 en poid 
moyens, unpublished note, which is contained in [B2].
[BLZ] L. Berger, H. Li, H.J. Zhu, Construction of some families of 2-dimensional crystalline repre-
sentations, Math. Ann. 329 (2) (2004) 365–377.
[BG] K. Buzzard, T. Gee, Explicit reduction modulo p of certain two-dimensional crystalline rep-
resentations, Int. Math. Res. Not. IMRN (12) (2009) 2303–2317.
[CHT] L. Clozel, M. Harris, R. Taylor, Automorphy for some -adic lifts of automorphic mod  Galois 
representations, Publ. Math. Inst. Hautes Etudes Sci. 108 (2008) 1–181.
[D] G. Dousmanis, On reductions of families of crystalline Galois representations, Doc. Math. 15 
(2010) 873–938.
[F] J.-M. Fontaine, Représentations p-adiques des corps locaux I. The Grothendieck Festschrift, 
vol. II, Progr. Math., vol. 87, Birkhäuser Boston, Boston, MA, 1990, pp. 249–309.
[GL] H. Gao, T. Liu, A note on potential diagonalizability of crystalline representations, preprint, 
http://arxiv.org/abs/1204.4704.
[G] D. Geraghty, Modularity lifting theorems for ordinary Galois representations, PhD thesis, 
Harvard University, ISBN 978-1124-07900-4, 2010, 131 pp., ProQuest LLC.
[HSBT] M. Harris, N. Shepherd-Barron, R. Taylor, A family of Calabi–Yau varieties and potential 
automorphy, Ann. of Math. 171 (2010) 779–813.
[K2] M. Kisin, Modularity for some geometric Galois representations, in: L-Functions and Galois 
Representations, Durham, 2004, pp. 438–470.
[K3] M. Kisin, Potentially semistable deformation rings, J. Amer. Math. Soc. 103 (2008) 513–546.
[K1] M. Kisin, Moduli of ﬁnite ﬂat group schemes and modularity, Ann. of Math. 170 (2009) 
1085–1180.
[T] R. Taylor, Automorphy for some -adic lifts of automorphic mod  Galois representations II, 
Publ. Math. Inst. Hautes Etudes Sci. 108 (2008) 183–239.
[YY] G. Yamashita, S. Yasuda, Reduction of two dimensional crystalline representations and Hy-
pergeometric polynomials, in preparation.
[Z] H.J. Zhu, Crystalline representations of GQpa with coeﬃcients, preprint, http://arxiv.org/
abs/0807.1078.
